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By applying the theory of linear forms in logarithms, effective and sharpened 
versions of the results of ErdGs and Mahler on the arithmetical properties of the 
convergents of a continued fraction are given. 
For an integer a with Ial > 1, denote by P(a) the greatest prime factor of a 
and by w(a) the number of distinct prime factors of a. Let a be an irrational 
real number with 
as its simple continued fraction expansion. Denote by p,/q, the nth 
convergent in the continued fraction expansion of a. If a is algebraic, Mahler 
[4] proved that P(p,q,) tends to infinity with n and, further, it follows from 
a result of Ridout [6] that both P(p,) and .P(q,) tend to infinity with n. 
However, these results are not effective. An effective version of Mahler’s 
result was proved by Baker [l] and, further, the author [ 7] showed that 
PC p,q,) > c log log 9,) :z > ee 
for some effectively computable number c > 0 depending only on a. 
For almost all a in 0 < a < 1, Erdos and Mahler [2] proved that 
W,) >ew c 1% 4,20 log log qn 1 ’ n = 1, 2,... . 
Further they remarked that there exist Liouville numbers a (for every e > 0, 
4n <@I+, for infinitely many n) with P(q,) bounded for all n and non- 
Liouville numbers a with P(q,) bounded for infinitely many n. If a is not a 
Liouville number, Erdiis and Mahler [2] proved that 
JYq,-,q,q,+,)+ 03, n-, 03. 
127 
0022-3 14X/83 $3.00 
Copyright 0 1983 by Academic Press. Inc. 
All rights of reproduction in any form reserved. 
128 T.N.SHOREY 
However, this result is not effective. Put 
d,=qn-~,qnqn+,. n = 2. 3.... . 
The following result is an immediate consequence of Theorem 1 of van der 
Poorten [ 51 on p-adic linear forms in logarithms. 
THEOREM 1. Suppose that the partial quotients of a sati& 
log log a, + , = 4og 4h 
then 
(1) 
WJ + CQ eflectively, n + co. 
The restriction (1) is not far from the best possible. Given any two distinct 
primes p and q, there exist a satisfying 
loi3 log a,, , = Wg 9J 
and q, is either a power of p or of q. Recall that 
4 n+i = a,+]qn +qnpIr n = 0. 1. 2 ,... . 
Thus, for a prime p dividing q,, we have 
ord,(q,) < ord,(q, + I - qn ~I ). 
By Theorem 1 of van der Poorten [5 1, we have 
o@&, + 1 -qn-,)Gc, logl%q”+,~ n > e’ 
and hence 
lOgq,~c,loglogq,+,. n > e’ 
for some effectively computable numbers c, and cz depending only on P(d,,). 
Now Theorem 1 follows immediately from (1). 
If a is not a Liouville number, the assertion of Theorem 1 can be 
strengthened as 
THEOREM 2. Let 0 < A < 1. Suppose that a is not a Liouville number. 
Then there exists an eflectively computable number c, > 0 depending only on 
a and A such that for every integer n with log n > ee, the inequality 
V,) ,< (log s,J” (2) 
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implies that 
WJ 2 c3 
log 1% 4, 
log log log q, . 
Theorem 2 is again an immediate consequence of Theorem 1 of van der 
Poorten (5 1. We omit the details, as they are similar to the ones given for the 
proof of Theorem 1. For an integer a with Ial > 1, denote by Q(a) the 
greatest square free part of a. If p, ,..., p, are all the prime factors of a, then 
Q(a) = pl ... p,. Now we mention two consequences of Theorem 2. 
COROLLARY 1. Suppose that a is not a Liouville number. Then for every 
integer n > ee, we have 
P(d,) > c, 1% 1% qn 3 QM,> > (1s qnY 
for some eflectively computable numbers c4 > 0 and c5 > 0 depending only 
on a. 
For the proof of Corollary 1, we can assume that (2) holds with A = +. 
Hence the inequality (3) is valid and the assertion follows from prime 
number theory. 
COROLLARY 2. Suppose that a has bounded partial quotients. Let k be 
an integer with 
3 < k = o(log log log q,). 
Then, for n > ee, we have 
fYq,+ 1 ~~~qn+,J>/c&loglogq, 
for some effectively computable number c, > 0 depending only on a. 
Proof Assume that log n > ee. For distinct integers r and s between 
n + 1 and n + k, it is easy to show that 
for some effectively computable number c, > 0 depending only on a. Further 
we can assume that 
P(q,) G (1% log S,>‘~ n+l<r<n+k. 
Hence, by Theorem 2, we obtain 
nfk 
\‘ w(q,) >c, ‘og’ogqn 





R = qni , ... q,,+r.. 
Further 
nfk 
-S w(q,),< 1 1 +kc$<w(R)+kc;. 
I=‘;;; 1 P/R 
p>c: 
(5) 
Now the corollary follows immediately from (5) (4); and prime number 
theory. 
Further we shall consider P(q,q,q,) with I< m < n. We prove 
THEOREM 3. Suppose that a has bounded partial quotients. Let B > 2 be 
given. Then for all positive integers I, m, and n with 1 < m < n, n - I < B, 
and n > e’, we have 
P(q,q, 4th > C8 1% 1% 4, 
for some eflectively computable number c, > 0 depending only on a and B. 
The proof depends on a theorem of van der Poorten on p-adic linear forms 
in logarithms. The following result is an immediate consequence of 
Theorem 3. 
COROLLARY 3. Suppose that a has bounded partial quotients. Then 
given E > 0, there exists an effectively computable number cg > 0 depending 
only on a and E such that the number of positive integers n < x with 
P(q,) < c9 1% log qn 
is at most FX. 
Proof of Theorem 3. Denote by cIO, cl,,..., effectively computable 
positive numbers depending only on a and B. Suppose that 1, m, and n are 
positive integers with I< m < n and n - 1 <B. We assume that n > ci,, with 
ci,, suffkiently large. It is easy to see that there exist positive integers C, D. 
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Eliminating q,-, in Eqs. (7) and (8), we obtain 
Hq, - Fq, = (EH - FG) q,. (9) 
If EH - FG = 0, then Hq, - Fq, = 0. Put r = (qn, q,). Then q,/r divides 
F. In particular qn < rF. It follows from (6) that r < D, since qm and q,,- , 
are relatively prime. Thus 
Assume that cl0 > ct, . Then EH - FG is nonzero. Let 0 < 6 < 1 and assume 
that 
m,w?rJ < 6 log 1% 4,. 
We shall arrive at a contradiction by choosing a suitable value of 6 
depending only on a and B. 
For a prime p dividing q,, it follows from (9) that 
ord,(q,) < ord,((EH - FG) qr + Fq,). 
Further it follows from (8) that the minimum of ord,(q,) and ord,(q,) does 
not exceed c,~. Now apply Theorem 1 of van der Poorten [ 5) to conclude 
that 
ord,(q,) < (log q,,P (log 1% s,>’ 
and hence 
log q,, = x log p ord,(q,) < (log q,Jdc’~ (log log 4n)5 
PIP, 
with c,~ > 1. Let 6 = (2c,,))‘. Then n ,< c,, and this is not possible if 
Cl0 > C14’ This completes the proof of Theorem 3. 
If the partial quotients of the continued fraction expansion are not 
bounded, we have the following analog of Theorem 3: 
THEOREM 4. Let B > 2 be given. Suppose that the partial quotients of a 
satisfy 
log a, + l = 4log s,>- 
Then given A > 0, there exists an effectively computable number no > 0 
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depending only OH a, B, and A such that for all positive integers I, m, n ,tYth 
I<m<nandn-l,<B. wehave 
W,q,q,,) 2 A. 
The proof depends on Theorem 3 of van der Poorten 15 ] on p-adic linear 
forms in logarithms. We omit the details of the proof of Theorem 4, as they 
are similar to those of Theorem 3. Let P > 2 and denote by N(x, P) the 
number of all positive integers n <x with P(q,) < P. Then Theorem 4 
includes the following result of Erdos and Mahler 12 1: 
COROLLARY 2. Suppose that log a,,+, = o(log q,). Then 
*im Nx, P) o -----z. 
I -3 a x 
Similar results hold for the numerators p,, of the convergents of a 
continued fraction. 
By Theorem 1 of van der Poorten ]5] and the relation p, qn + , - p, + , q, = 
f 1, it follows that P(q,p,+, qn+ ,) and P(p,p,+ ,qn+ ,) tend to infinity effec- 
tively with n. Erdos and Mahler [2] remarked that there exist a with P(p,q,) 
bounded for infinitely many n. Further they conjectured that such an a is 
necessarily a Liouville number. Now we state some results related to this 
conjecture. 
Suppose that there exists an infinite sequence ee < n, < n, < ... such that 
Pnkqna3 k = 1, 2,..., 
are composed of primes from a given set. If we apply a theorem of Fel’dman 
[3] on linear forms in logarithms for estimating 
P PII-, “k --- 
q “A qn,-, ’ 
k = 2, 3,..., 
we obtain 
log qn, ~, 
1% log 4,, 
= O(l), k = 2, 3,... . 
In particular, we have 
lim 
1% q,, 
k+cJz beLrk , 
= a-3. 
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If a is a non-Liouville number, then (10) implies that 
(11) 
for some effectively computable number c,~ > 0 depending only on a and the 
given set of primes. Repeated applications of the inequality (11) gives 
lim log log nk = 03 
’ k-m log k 
The convergents of the continued fraction expansion of real transcendental 
numbers given by Baker’s theorems 111 satisfy P(p,q,) tends to infinity 
effectively with n. This follows from the inequalities of Baker 11 ] on linear 
forms in logarithms. 
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